
Exercise set Industrial Dispersions

Exercise 1.11

Svedberg gives the following table of Westgren’s data for the sedimentation equilibrium
of a gold sol under gravity

Height (µm) Number of particles
0 889

100 692
200 572
300 426
400 357
500 253
600 217
700 185
800 152
900 125
1000 108
1100 78

Assume the particles have a radius 21 nm and density 19.3 g cm−3 and the temperature
is 20 oC. Estimate the Boltzmann constant in the sedimentation equilibrium equation,
and then calculate Avogadro’s number assuming the gas constant R = 8.31 J/(Kmol) .
Repeat the calculation using a radius of 22 nm and note how sensitive the result is to this
variable.

Answer

The sedimentation equilibrium gives the particle number n(z) at height z. The relevant
expression reads

n(z) = n0 exp
(
−gVp∆ρ

kT
(z − z0)

)
with g = 9.81 m/s2 the gravitational accelaration, Vp the particle volume, ∆ρ the density
difference between particles and environment, k Boltzmann’s constant, and T absolute
temperature. Furthermore, n0 is the particle number at the reference position z0.

This equation suggests to plot the particle number logarithmically versus height as is
done in fig. 1. By subsequent linear regression we find d ln n/dz = 2.15× 103 m−1. From
this slope, according to the above expression, we can calculate an estimate for Boltzmann’s
constant

k =
gVp∆ρ

Td ln n/dz

For a particle size of 21 nm we find a value of 1.09×10−23 J/K whereas for 22 nm we find
1.25× 10−23 J/K. The values for Avogadro’s number are then 7.65× 1023 and 6.65× 1023

respectively. Indeed a great sensitivity to the particle size.

1Hunter RJ, Introduction to Modern Colloid Science, ex. 2.1.1
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Figure 1: Regression of log(particle number) versus height.

Exercise 1.22

The specific area of dust particles from the air over Pittsburgh, Pennsylvania, has been
determined by gas adsorption3

Treatment Asp (m2g−1)
4 h under vacuum at 200 oC 5.61
8 h under vacuum at 25 oC 2.81

a. Calculate the radius of these particles if they are assumed to be uniform spheres of
density 2.2 gcm−3.

b. Propose an explanation for the effect of degassing on the particle size.

c. What kind of average for the radius is obtained by this procedure?

Answer

a. Let the radius of the particles be denoted by a and the particle number per unit
mass of material by n, then the specific area per unit mass of material is related to
particle size by the relation

Asp = n4πa2

whereas the n also follows from

n =
1

4πa3/3ρ

2Hiemenz PC and Rajagopalan R, Principles of Colloid and Surface Chemistry, Ch. 1, Pr. 1.
3Corn M, Montgomery TL, and Reitz RJ, Science 159 (1967) 1350.
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Combination yields

Asp =
3

aρ

so that the particle radius follows as

a =
3

Aspρ

This gives 243 nm and 485 nm respectively.

b. The dust particles are largely fibrous material that collapse upon evacuation.

c. A 23-average:

〈Asp〉 =
〈a2〉
〈a3〉

Exercise 2.1

Two identical hard spheres of density 104 kgm−3 and radius R are in contact. Assuming
a Hamaker constant of A = 10−19 J, estimate the value of R at which their Van der Waals
and gravitational attraction are equal.

Answer

The gravitational attraction between two equal masses M with a center-to-center distance
d is given by

FG = −GM2

d2

in which the gravitational constant is given by G = 6.67× 10−11 Nm2kg−2.
The Van der Waals force between two spheres of equal radius R at a separation D is

given by

FV dW = − AR

12D2

The closest approach of the two spheres is equal to the diameter of the molecules
constituting the spheres. Since the diameter of the molecules is not given, we take as a
value D = 1 nm. Equating the gravitational force and the Van der Waals force yields

Gρ2(4πR3/3)2

4R2
=

AR

12D2

which results in a sphere radius of about 66 cm.
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Exercise 2.2

The contact angle for water on clean glass is nearly 0o. Calculate the surface tension of
water at 20 oC when it is given that water rises to a height of 4.96 cm in a clean glass
capillary with an inner radius of 0.3 mm. The density of water at 20 oC is 998.2 kgm−3.

Answer

The capillary rise formula originates from a balance of the Laplace pressure and the
gravitational force on the water column. It reads

h =
2γ cos θ

ρga

where γ is the surface tension of water, θ the contact angle at the water glass interface, ρ
the density of water, g = 9.81 m/s2 gravitational acceleration, and a the inner radius of
the capillary. Substituting the given values yields for the surface tension of water a value
of 72.9 mJ/m2.

Exercise 2.34

Finely dispersed sodium chloride particles were prepared, their specific area was measured,
and their solubility in ethanol at 25 oC was studied5. It was found that a preparation
with a specific area of 4.25 ×105 cm2 g−1 showed a supersaturation of 6.71%. Estimate
the radius of the NaCl (ρ = 2.17 g cm−3) particles, assuming uniform spheres. Calculate
γ for the NaCl-alcohol interface from the solubility behavior of this sample.

Answer

Let a be the radius of the spheres, then the number n of spheres per unit mass of NaCl is
given by the ratio of the total volume per unit mass divided by the particle volume, i.e.

n =
1

ρ

3

4πa3

The specific area is subsequently given by

Asp = 4πa2n =
3

aρ

From this we find for the radius of the spheres a value of 32.5 nm.
We use the Kelvin relation to express the supersaturation in terms of the surface

tension of the NaCl-alcohol interface

RT ln
p

po
=

2γvL

a

with vL the molar volume of ethanol. The molar mass of ethanol, C2H5OH, is 46 g/mol
which together with the mass density allows us to compute the molar volume. We thus
find for the surface tension of the NaCl-alcohol interface a value of 123.4 mJ/m2.

4Hiemenz PC and Rajagopalan R, Principles of Colloid and Surface Chemistry, Ch. 6, Pr. 3.
5van Zeggeren F and Benson GC, Can J Chem 82 (1957) 1150.
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Exercise 2.46

The following combinations of θ, γL, and p values were reported by Bartell and Whitney7.
for the wetting of silica plugs by various liquids.

Liquid p (g cm−2) γL (dyne/cm) θ
Nitrobenzene 125 25.3 41o25’
Chloroform 192 31.6 22o11’
Benzene 215 34.7 19o16’
Toluene 221 36.5
CCl4 265 44.5
Hexane 333 51.0

Use the first three sets of data to determine a value for Rc of the plug; then use this value
to determine θ for the remaining liquids against silica. Are large or small contact angles
more sensitive to, say, a 5% error in Rc?

Answer

We use the expression

p =
2γ cos θ

Rc

It is unclear from the above how to interpret the pressure data. We shall assume that
we only have to multiply by the gravitational acceleration in order to obtain the proper
dimension of pressure. The surface tension is given in dyne/cm which equals mJ/m2.
From the first three rows we obtain the averaged pore size value of 3.1 µm.

Subsequently, for the remaining three rows we find contact angles of 23.0o, 25.1o, and
6.9o.

Contact angles around 90o are the least sensitive to errors in Rc.

Exercise 2.58

Cockbain9 measured the interfacial tension of the water-decane surface at various concen-
trations of sodium dodecyl sulfate (NaDS). The experiments were done at 20 oC both in
the presence and absence of NaCl. Use the suitable form of the Gibbs equation in each
case to calculate the adsorption Γ and the specific area per molecule σ at γ values of 10
and 20 dyne/cm from the following data.

6Hiemenz PC and Rajagopalan R, Principles of Colloid and Surface Chemistry, Ch. 6, Pr. 14.
7Bartell FE and Whitney CE, J Phys Chem 36 (1932) 3115
8Hiemenz PC and Rajagopalan R, Principles of Colloid and Surface Chemistry, Ch. 7, Pr. 6.
9Cockbain EG, Trans Faraday Soc 50 (1954) 874.
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Pure H2O 0.1 M NaCl (swamping)
cNaDS (M) γ (dyne/cm) cNaDS (M) γ (dyne/cm)
0.0079 8.5 0.0014 5.2
0.00694 10.8 0.000694 11.7
0.00521 15.3 0.000347 17.4
0.00347 20.8 0.000173 22.7
0.001735 28.3 0.0000867 27.5

Is the variation of σ with interfacial film pressure qualitatively consistent with the expected
behavior of monolayers in general? Of charged monolayers in particular.

Answer
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Figure 2: Regression of surface tension versus the logarithm of the concentration.

The Gibbs equation reads for ionic systems

Γ = − 1

zRT

dγ

d ln c

where z = 2 in the case of counterions only and z = 1 in the case of excess salt because
then the counterions do not contribute to the surface excess anymore. We first plot the
surface tension versus the logarithm of the concentration, see fig. 2. We conclude that the
slope is not different for both points of 10 and 20 mJ/m2, this is expected for surfactant
monolayers. From the regression we find for dγ/d ln c the values listed in the table below.
From these values we calculate the adsorption and the specific surface area per molecule.

Quantity Pure H2O 0.1 M NaCl unit
dγ/d ln c -13 -8 mJ/m2

Γ 2.67 3.29 µmol/m2

σ 0.62 0.51 nm2

6



Exercise 3.110

Neumann et al11 have tabulated average values of experimentally determined Hamaker
constants and then used surface tension data for the same systems to calculate the mean
center-to-center intermolecular spacing d0 values for the following materials

Substance A22 × 1020 (J) γ (mJm−2)
Polystyrene 8.47 33.0
Teflon 5.23 20.0
Nylon-6,6 12.05 46.0
Poly(methyl methacrylate) 8.83 39.0
n-Decane 5.13 23.9
Polyethylene 8.43 31.0
Poly(vinyl alcohol) 8.84 41.0
Poly(hexafluoropropylene 5.20 17.0

Verify that the d0 values thus calculated show a relatively narrow distribution around a
mean value close to 0.2 nm. Criticize or defend the following proposition: As a mean
center-to-center intermolecular spacing, this value is on the low side; as a back-calculated
parameter, however, it probably compensates for deviations from the assumed geometry,
break-down of the used equation at short distances, or other shortcomings of the molecular
additivity principle.

Answer
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Figure 3: Regression of surface tension versus the Hamaker constant.

10Hiemenz PC and Rajagopalan R, Principles of Colloid and Surface Chemistry, Ch. 10, Pr. 6.
11Neumann AW, Omenyi SN, and van Oss CJ, Colloid Polym Sci 257 (1979) 413.
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By equating the expression for the Van der Waals interaction energy per unit surface
between two surfaces at closest approach d0, i.e.

w

A
= − A22

12πd2
0

with twice the surface tension γ between the surface material and vacuum we obtain the
equation to which the given data should fit, see fig. 3.

A22 = 24πγd2
0

From the regression we find a slope of dγ/dA22 = 4× 1017 m−2 from which we calculate
the closest approach of the surfaces as d0 = 1.82 Å.

The obtained value is indeed on the low side if we compare with the relatively large
molecules involved. The most likely cause for the deviations is the large aspect ratio for
most of the molecules that are polymers. The conformations these molecules take at the
interface deviates largely from the assumptions made in arriving at the above equation.

Exercise 3.212

If a soap film is sufficiently thin, its equilibrium thickness d is the result of the double-layer
repulsion, given by

FR ∼ 64kTn∞γ2 exp{−κd}

and Van der Waals attraction given by

FA =
A

6πd3

These conditions are satisfied by certain films studied by Lyklema and Mysels13,who
obtained the following results with 1:1 electrolyte

Concentration (mole/liter) 0.103 0.066 0.0197
Thickness of aqueous layer (Å) 91 94 153
Thickness of entire film (Å) 123 126 185

Use the thickness of the aqueous layer to calculate FR per unit area (assume γ = 1). By
equating this pressure to FA per unit area and using the total film thickness, estimate the
Hamaker constant A for each of these data. Explain why two different values are used for
d in this calculation.

12Hiemenz PC and Rajagopalan R, Principles of Colloid and Surface Chemistry, Ch. 11, Pr. 6.
13Lyklema J and Mysels KJ, J Am Chem Soc 87 (1965) 2539.
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Answer

Performing the above suggested calculation, we find for the Hamaker constant three values

Concentration (mole/liter) 0.103 0.066 0.0197
Hamaker constant (×1020 J) 1.6 5.9 18

According to me the thickness of the aqueous film has to be used both for the Van
der Waals attractive force and for the electrostatic double layer repulsion. The overall
thickness of the film might come into play to obtain a more accurate calculation of the
Van der Waals attraction, for which now the assumption of an infinitely thick surface is
made.

Exercise 3.3

Calculate the colloidal interaction energy between two colloidal spherical particles of a =
0.5 µm radius in water and at room temperature. For the Van der Waals energy, use the
following expression

FA =
Aa

12h2
f(p)

where

f(p) =


1 + 3.54p

(1 + 1.77p)2
p < 1

0.98

p
− 0.434

p2
+

0.067

p3
p > 1

with p = 2πh/λL and h the separation between the spheres. For the electrostatic repulsion
use

FR = 32πaγ2εoεκ

(
kT

ze

)2

exp{−κh}

with

γ = tanh

(
zeζ

4kT

)

Assume A = 1.4× 10−19J, λL = 100nm, and the dielectric permittivity of water 78.

a. Calculate and plot the interaction energy for 1:1 electrolyte concentrations of 0.01
mM, 0.1 mM, 1 mM, and 10 mM, for surface potentials ζ of 150 mV, 75 mV, 30
mV, and 10 mV.

b. Calculate the ccc (critical coagulation concentration) for each case.

ccc = 105γ4ε3
oε

3(kT )5

(ze)6A2
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Answer

We first need to find the expressions for the interaction energies, since the forces are given.

UA =
Aa

12h
f(p)

and

FR = 32πaγ2εoε

(
kT

ze

)2

exp{−κh}
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Figure 4: Interaction force for the case of a surface potential of 75 mV.

The ccc-values are calculated to be

ζ (mV) 10 30 75 150
ccc (mM) 0.02 1.4 55 889

Exercise 4.114

A quantity called the HLB (for hydrophile-lipophile balance) number has proved to be
a useful way to match a surfactant to a particular application. For example, surfactants
with HLB numbers in the range 4 to 6 produce water-in-oil emulsions; those in the range
7 to 9 are useful as wetting agents; those ranging between 8 and 18 produce oil-in-water
emulsions. Use these considerations plus the following specific examples to formulate a
generalization about the dependence of the HLB number on the molecular structure of
the surfactant15

14Hiemenz PC and Rajagopalan R, Principles of Colloid and Surface Chemistry, Ch. 7, Pr. 10.
15Osipow LI, Surface Chemistry, Van Nostrand-Reinhold, Princeton NJ, 1962.
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Surfactant HLB number
sodium dodecyl sulfate 40
sodium oleate 18
Tween 80 (alkyl chain of 20 units) 15
sorbitan monolaureate 8.6
Span 60 4.7
Sorbitan tristearate 2.1

Answer

The HLB increases when the relative size of the hydrophobic tail increases relative to the
size of the hydrophilic headgroup.

Exercise 4.216

Shinoda17 examined the variation of the CMC of various potassium alkyl malonates,
RCH(COOK)2, with the addition of univalent salts. For R = C8, C10, C12, C14 and C16,
the log-log plots of CMC versus counterion concentration produce parallel straight lines
of slope -1.12 . Criticize or defend the following proposition: According to the reaction
scheme

nS− + mM+ ↔ (SnMm)z− + zM+

in which n is the aggregation number of the micelle and z = n − m the net charge of
the micelle, this slope equals −(1 − α) in which α is the degree of ionization given by
α = (n − m)/n. The negative slope then implies that the micelle binds an excess of
counterions and has the opposite charge from that expected.

Answer

The given explanation assumes that the aggregation number n remains constant while
changing the ionic strength. This is not necessarily so: due to an increased ionic strength
the head group area may decrease and hence the aggregation number may decrease. This
could be another cause for the observed changes.

Exercise 4.318

a. The CMC for the ionic surfactant C12E8 is 10−4M. If each micelle contains 100
surfactant molecules, estimate the concentration of micelles in micelle moles/liter
when the total surfactant concentration is 10−3M and 10−1M.

b. Osmotic pressure (Π = RTc) provides a way to count the total number of particles
in solution. Calculate the osmotic pressure at 298K for the surfactant solution in a.
at the CMC and the surfactant concentrations 10−3M and 10−1M.

16Hiemenz PC and Rajagopalan R, Principles of Colloid and Surface Chemistry, Ch. 8, Pr. 2.
17Shinoda KJ, J Phys Chem 59 (1955) 432.
18Stokes RJ and Fennell Evans D, Fundamentals of Interfacial Engineering, Ch.5, Ex. 5.4
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Answer

a. The micellar concentration can be expressed in the given values by

cmic =
ctot − cmc

n

This gives as micellar concentrations 9 µM and 1 mM respectively.

b. The osmotic pressure is, for sufficiently low concentrations, proportional to the
number concentration of independent particles. Hence,

Π = RT (cmc + cmic)

This gives osmotic pressures of 2.5 kPa and 25 kPa respectively.

Exercise 4.419

Tetradecane is added to a micellar solution of 10 wt% C12E5 surfactant to form an oil-in-
water emulsion. The tetradecane and the C12E5 are present in equal amounts by weight.
The density of the oil and surfactant are 0.84× 103 and 1.0× 103kg/m3 respectively.

a. Calculate the resulting emulsion droplet size assuming spheres covered by a mono-
layer of surfactant 3.5 nm thick.

b. Calculate the free energy of the emulsion per unit volume assuming the energy of
the oil-surfactant interface is 10 mJ/m2.

c. Calculate the creaming rise rate of the emulsion droplets, neglecting droplet inter-
actions.

Answer

a. Let a be the radius of the oil pools and let N be the number of micelles per unit
volume. Then, the total volume of oil is given by

Vo = N
4πa3

3

and the total volume of surfactant by

Vs = N4πa2L

where L is the thickness of the surfactant layer. The ratio is equal to

Vo

Vs

=
a

3L

19Stokes RJ and Fennell Evans D, Fundamentals of Interfacial Engineering, Ch.5, Ex. 5.14
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On the other hand, the volume ratio can be obtained from the mass ratio

Vo

Vs

=
Mo

ρo

ρs

Ms

From these equations, we calculate the oil pool radius to be

a = 3L
ρs

ρo

= 3× 3.5
103

0.84103
nm = 12.5 nm

The micelle radius is then 16 nm.

b. The total interfacial area in the system is given by

A =
Vs

L

and the surfactant volume over total volume is equal to

Vs

Vtot

=
Vs

Vs + Vo + Vw

=
Ms/ρs

Ms/rhos + Mo/ρo + Mw/ρw

Hence, we find for the surface area per unit volume

A

Vtot

=
1

L

Ms/ρs

Ms/rhos + Mo/ρo + Mw/ρw

and hence we find for the total surface energy per unit volume 3× 105 J/m3.

c. The buoyancy force is given by

F = (ρo − ρw)g
4πa3

3
+ (ρs − ρw)g4πa2

Dividing by the friction coefficient for a sphere yields the creaming velocity

v =
2(ρo − ρw)ga2

9η

Substituting the given values yields 54.5 pm/s .

13


